We show that the Lee-Huang-Yang (LHY) energy functional for a heteronuclear Bose mixture can be accurately approximated by an expression that has the same functional form as in the homonuclear case. It is characterized by two exponents, which can be treated as fitting parameters. We demonstrate that the values of these parameters which preserve the invariance under permutation of the two atomic species are exactly those of the homonuclear case. Deviations from the actual expression of LHY energy functional are discussed quantitatively.
I. INTRODUCTION
Bose-Einstein condensates (BEC) with ultracold gases are so dilute that interatomic interactions are generally weak, making the consolidated framework of mean-field (MF) theory a reliable and accurate approach in many cases. However, even with ultracold gases there occur instances where quantum fluctuations become prominent and the deviations from MF theory are sizeable. Going beyond the MF analysis, N. Bogoliubov derived the many-body ground state of a weakly interacting gas of bosons [1] , assuming that most particles occupy the same quantum state, i.e. belong to the condensed fraction, except for a small fraction, termed as "quantum depletion". The leading correction to the MF energy for identical bosons with hard-sphere interactions was later obtained by Lee-Huang-Yang (LHY) [2] in the homogeneous case. These results were then extended to the case of twocomponent bosons by D. Larsen [3] .
A well-known example where quantum fluctuations are important in ultracold atomic gases is provided by optical lattices that suppress the single-particle kinetic energy and increase the interatomic interactions [4] [5] [6] . More straightforward examples occur when the interatomic interactions are enhanced by increasing the scattering length in proximity of a Feshbach resonance. This route was followed first in fermionic condensates where precision measurements of the frequency shifts in collective oscillations [7] and of density profiles [8, 9] showed deviations from MF predictions. Similar effects were later observed with strongly interacting bosonic gases in the excitation spectrum of 85 Rb [10] and in the equation of state of 7 Li [11] . Finally, the momentum distribution of the quantum (and thermal) depletion has been measured in a BEC of metastable He [12] and the total depletion density in a BEC of 39 K [13] .
Recently, D. Petrov proposed a new setting where quantum fluctuations could have striking effects, i.e. a BEC binary mixture [14] : when both components have repulsive intraspecies interactions but the interspecies are attractive and sufficiently large, the MF energy might vanish and even become negative. In this case, the LHY energy correction dictates the behaviour of the system, allowing for the existence of "quantum droplets", i.e. stable states self-bound by interatomic attractive interactions. Such states resemble a liquid even if their density is several orders of magnitude lower than in ordinary liquids [14] [15] [16] [17] [18] [19] [20] . Similarly, LHY corrections also stabilize droplets with attractive dipolar forces [21, 22] .
To describe this novel system, the MF Gross-Pitaevskii equation (GPE) has been modified to incorporate the extra energy due to quantum fluctuations. For mixtures, the two-component LHY energy calculated in the homogeneous case is added to the MF energy functional to obtain a generalized GPE (g-GPE), that is then used also in the inhomogeneous case under local density approximation [16-18, 20, 23] . While for an homonuclear mixture of equal mass components the LHY energy functional is analytically known in a closed and simple form [14] , at present no analytic expression is known for a heteronuclear mixture and the LHY term must be calculated numerically [23] . This implies that the LHY energy must be tabulated for a large number of values of the ratio of two components densities n 2 /n 1 , prior to the numerical integration of the g-GPE.
In this paper, guided by symmetry considerations and asymptotic behaviours, we derive a simple and appealing functional form for the heteronuclear mixtures. We verify that this function very accurately approximates the numerical integral and, as such, can be efficiently used in the numerical solution of the g-GPE.
After summarizing known results to set the notation, we review the analytic LHY energy known for the special case of a mixture with largely imbalanced densities, with the majority component being the lighter species, i.e. the case of heavy impurities [3] . Then, we propose our approximated formula for the LHY energy and we show its limits of applicability by comparing it with the exact numerical results of the LHY integral. Finally, we justify our proposed approximation by means of a Taylor expansion of the LHY integral around the homonuclear case.
II. LHY ENERGY FUNCTIONAL
The LHY energy of a Bose mixture can be written as
where E LHY is the energy density given by [14, 23 ]
with n i (r) = |ψ i (r)| 2 (i = 1, 2) being the density of each component, and we
). The interaction strengths are proportional to the scattering lengths
2 a 12 /m 12 , with m 12 the reduced mass. As in Ref. [14] , here we consider the case of a mixture with interspecies attractive interaction, namely g 12 < 0, with g 11 > 0 and g 22 > 0.
For the homonuclear case, z = 1, the function is given in Ref. [14] :
For the heteronuclear case, z = 1, we lack a similar, simple expression and approximate or numerical methods are needed.
The expression of f (z, u, x) is obtained from Ref. [14, 23] :
Since the dimensionless function f (z, u, x) is weakly dependent on the second argument u, usually the latter is replaced by its value at MF collapse, where g 12 + √ g 11 g 22 = 0, i.e. u = 1:
The expression of f (z, 1, x) coincides with that given in Ref. [23] , where it is remarked that, since the integral converges due to the cancellation of divergent terms, its evaluations requires some care.
A. Limit of heavy impurities
Lacking a closed form like Eq. (3), an analytic expression of the LHY energy is given in Ref. [3] for the special case of a repulsive mixture, a 11 = a 12 = a 22 > 0, where the density of the heavy component is much lower than that of the light component, i.e. z > 1 and x ≪ 1:
f L (z, x) = 1 + x 15 16
Even if the above equation was derived for all positive scattering lengths, we can apply it also to the case of −a 12 = a 11 = a 22 > 0 since the LHY energy is independent of the sign of a 12 , as shown by Eq. (2). Notice, however, that the condition of all equal scattering lengths corresponds to u = (1 + z) 2 /(4z), thus u = 1 only for z = 1.
In the general case, however, the numerical integration of the g-GPE requires the knowledge of the LHY term for generic values of x, and the above Eq. (7) is obviously insufficient. However, we will use it to confirm the validity of our approximated formula proposed below. For the purpose, it is useful to consider f L (z, x) around z = 1, where it can be compared to f (z, 1, x):
III. EFFECTIVE ANSATZ
The exact expression of f (z, 1, x) is given by the integral defined in Eqs. (4, 5) . As an example, in Fig. 1 we plot the numerically evaluated f (z, 1, x) as a function of x for the case of a 41 K-87 Rb mixture. Looking for an approximate analytic expression for f (z, 1, x), it is useful to consider its asymptotic behaviour recalling that in the case of a single component the LHY correction takes the form [2, 24] 
Then, since for x → 0 the LHY energy has to converge to the value of the single species 1, this implies that f (z, 1, x) → 1. In the opposite limit, for x ≫ 1, the LHY energy converges to the value of the single species 2,
. Then, we use the fact that E LHY has to be invariant under permutation of the two species. It is therefore convenient to rewrite Eq. (2) in a form more symmetric with respect to the species index:
(11) Now it is easy to see that invariance under permutation of indices i = 1, 2 eventually reads as
The above properties suggest that one could approximate the actual expression of f (z, 1, x) with the following [20] . We restrict to z ≤ 1 without loss of generality (this corresponds to label the two species so that m2 < m1).
which has a functional form that resembles that of the homonuclear case Eq. (3), except for the presence of the exponent q (1/q), that is here considered as a fitting parameter. In the specific case considered in Fig. 1 , the best fit returns q = 0.40630(4) (with the relative residuals being below 2% for all values of 0.01 < x < 100).
In general the q parameter returned by fit depends on z, but q = 0.4 is a very good approximation for a broad range of z values, see Fig. 2 . The above result, with q ≃ 0.4 = 2/5 makes very appealing to approximate F q z (x) with the expression converging to the homonuclear Eq. (3), i.e. taking q ≡ 2/5
As shown in Fig. 3 , this simplified form of F z (x) can be very effective in reproducing the exact (numerical) values of f , in a wide range of mass ratios. In addition, as requested, Eq. (14) is consistent with above Eq. (9) when we consider x, |z − 1| ≪ 1. It is also interesting to note that we can arrive to the same result in Eq. (13) by considering a slightly different fitting function, with two independent exponents as fitting parameters [25] 
Then, simply by requiring the invariance under permutation of the two species, it is straightforward to get α = 3/5 and β = 5/2, as anticipated.
IV. PERTURBATIVE EXPANSION
In order to quantify the deviation of the exact f (z, 1, z (x) (dashed line). Bottom: relative deviation |f that the latter is only function of ξ ≡ z 3/5 x (and not of x and z separately). Then we define
if f (z, 1, x) was a function of ξ alone, then g(z, ξ) would not depend on z. Although this is not exactly the case, it is a good approximation around z = 1. To show that, we define ζ = z − 1 and compute the Taylor expansion:
we get the following expressions for the coefficients G n (they can be computed analytically from the integral Eq. (5))
The vanishing first derivative, G 1 (ξ) = 0, confirms that g(z, ξ) depends weakly on z around z = 1. Therefore,
A comparison between f
z (x) and f
z (x) is shown in Fig. 4 for z = 41/87. The lower panel shows that the first term, f z (x) is determined to match the asymptotic behaviour. Anyway, the maximum relative deviation is below 4%, proving that f (0) z (x) suffices for a reliable estimation of the LHY integral.
V. CONCLUSIONS
We have discussed how the Lee-Huang-Yang energy functional for a heteronuclear Bose mixture can be accurately approximated by an expression that has a functional form similar to the simple expression of the homonuclear case. Two different ansatzes, with one or two exponents as fitting parameters have been considered. Remarkably, it turns out that the values of these fitting parameters which preserve the invariance under permutation of the two species are exactly those which correspond to the homonuclear case. A quantitative analysis of the deviations from the actual expression of LHY energy functional indicates that the simple expression we propose is effective in a wide range of mass ratios, and may be useful for describing current and future experiments. Our formula allows further analytic study and greatly simplifies the numerical integration of the generalized GPE's.
